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Abstract

Gainscheduleatontrolis onevery usefulcontroltechnique
for linear parametewarying (LPV) andnonlinearsystems.
A disadwantageof gain-scheduledontrol is thatit is not
easyto designa controllerthatguaranteethe global stabil-
ity of theclosed-loopsystenovertheentireoperatingange
from the theoreticalpoint of view. Another disadwantage
is thattheinterpolationincreasesn complexity asnumber
of schedulingparametersncreases.As an improvement,
this paperpresentsa gain-schedulingontrol techniquejn
whichfuzzylogic is usedto constructa modelrepresenting
a quasi-LPVor a nonlinearmissile andto performa con-
trol law. The fuzzy inferencesystemis generatedising a
multi-objective evolutionaryalgorithmto optimisethe per
formancecharacteristicef the plant.

1 Introduction

The performanceof an air vehicleis highly dependenbn
the capabilitiesof the guidance pavigationandcontrol sys-
tems. To achieze improved performancen suchaerospace
systemsit is importantthatmoresophisticatedontrol sys-
temsbe developedandimplemented.In particular asthe
performanceenvelope is expanded,the control schemes
mustbecomeadaptie and quasi-linearto provide perfor
manceover a greaterrange,in the faceof changingoperat-
ing conditions.

The tracking performanceof a missile is also dependent
on the location within the flight ernvelopeand varieswith
factorssuchas Mach numberand incidence. Several ap-
proachesincludingadaptve control[1], [2], nonlinearcon-
trol [3], andgainscheduling4] have beenusedto alleviate
thesetrackingproblems.

Oneof the mostpopularmethodsfor applyinglineartime-
invariant(LTI) controltheoryto time-varyingand/orquasi-
linearsystemss gainschedulind5]. This stratey involves
obtaining Taylor linearisedmodelsfor the plant at finitely

mary equilibria(“setpoints”), designinganLTI controllaw
(“point design™)to satisfylocal performancebjectivesfor
eachpoint, andthenadjusting(“scheduling”)thecontroller
gainsin realtime asthe operatingconditionsvary. This ap-
proachhasbeenappliedsuccessfullyfor mary years,par
ticularly for aircraftandprocesscontrol problems.

Despitepastsuccessf gainschedulingn practice until re-

centlylittle hasbeenknown aboutit theoreticallyasatime-

varying and/orquasi-linearcontrol technique.Also, deter

miningtheactualschedulingoutineis moreof anartthana
science.While ad hoc approachesuchaslinearinterpola-
tion andcurvefitting maybesuficientfor simplestatic-gain
controllers,doingthe samefor dynamicmulti-variablecon-
trollerscanbearathertediousprocess.

An early theoreticalinvestigationinto the performanceof
parametewarying systemscan be found in [6]. During
the 1980, Rugh and his colleaguegievelopedan analyt-
ical framework for gain schedulingusing extendedineari-
sation[5]. Also, Shammaand Athans|[7] introducedlin-
earparametewarying (LPV) systemsasa tool for quanti-
fying suchheuristicdesignrulesas“the resultingparame-
ter mustvary slowly” and“the schedulingparametemust
capturethe nonlinearitiesof the plant”. Shahruzand Be-
htash[8] suggestedising LPV systemsfor synthesising
gain-scheduledontrollers.

Attention has sinceturnedto performanceand designof
parametedependentontrollersfor LPV systems. Vari-
ous designmethodswhich have beenproposedshareser-
eral commonfeaturese.g., the currentmethodsare based
on extendedstate-spacapproacheso H., optimal control
for LTI systemd9], [10], andLTV systemg11]. Perfor
manceis usuallymeasuredh termsof theinducedL,-norm,
andcontrollersare designedor certainclasseof parame-
ter variations,e.g., real or complex values,arbitrarily fast
or boundedratesof variation,shapeof the parameteerve-
lopeetc. Theresultingparametedependentontrollersare
schedulecautomatically so that the often arduoustask of
schedulinga complex multivariablecontrollera posteriori



is avoided.

In this paperfuzzy pole-placementontroldesigntechnique
is appliedto the autopilotdesignfor the missile. The mis-
silemotionis modelledto bequasi-lineawith unknavn pa-
rameters. Basedon the quasi-linearmodel, we adoptfor
designprocedurethe fuzzy pole-placementmethod. The
performanceobjectivesrelatedwith the transient,i.e. set-
tling time, rising time, peak overshootare achieved with
the fuzzy pole-placement.However, sinceour problemis
one of tracking, an additional performanceobjective, that
of zerosteady-staterrorshouldbetakeninto account.This
canbe achieved with anintegral termin forward loop. In
this schemeunknown parameterare estimatedand based
on theseestimatesgontrol parametersare updated. Com-
puter simulationsshav that this approachis very promis-
ing to apply the motion control designfor missiles,which
arehighly quasi-lineain dynamics.Theoptimisationof the
fuzzy systemis performedusinga multiobjective evolution-
ary algorithm[12].

Section2 detailsthe missile model and coeficients, sec-
tion 3 describeghe designof the controllerandthe struc-
ture of the fuzzy inferencesystem.The multiobjective evo-
lutionaryalgorithmis detailedin sectiord. Section5 shavs
typical resultsfrom the optimisationprocessand section6
concludes.

2 Missile mode

Missile autopilotsareusuallydesignedisinglinearmodels
of nonlinearequationsof motion and aerodynamidorces
andmomentg13], [14]. The objectie of this paperis ro-
bustdesignof a sideslip(yaw) velocity autopilotfor anon-
linear missile model. This model describesa reasonably
realisticairframeof a tail-controlledtacticalmissilein the
cruciform fin configuration(Figure 1). The aerodynamic
parameterf this modelarederivedfrom wind-tunnelmea-
surement$l15].

Figure 1: Airframe axes.

The startingpoint for mathematicatiescriptionof the mis-
sileis thefollowing nonlinearmodel[16], [15] of the hori-

Table 1. Coeficientsin nonlinearmodel(1).

[ | Interpolatedormula |
Cy, | 0.5[(—25+M—60/0()(1+ cosAA)+
(—26+1.5M—30|0])(1—coAA)]
Cy, | 10+0.5[(-1.6M+2[0[)(1+ cosh)+
(—1.4M +1.5|0])(1— coAA)]
C, | —500—30M+ 2000
Cn, | snCy,, where:
Sm=d7Y1.3+0.1IM+0.2(1+ cosA ) |o|+

0.3(1—cos4A)|a| — (1.34+ m/500)]
an styZ , Where:

s; =d~1[2.6— (1.3+m/500)]

zontalmotion (on thexy planein Figurel):
v o= wM,A,0)v-Ur+y,(M,A,0){

- %m‘lpVOS(Cva— VoCy, {) —Ur
Po= m(M,A,0)v+n(M,A,0)r+n,(M,A,0){

= %|Z—1pv08d (%anrl’—FCan-}-VoCn(Z). (1)
wherethe variablesare definedin Figurel. Herev is the
sideslipvelocity, r is thebodyrate,{ therudderfin deflec-
tions,y\,,yZ semi-non-dimensiondbrce derivativesdueto
lateralandfin angle, ny, N, Ne semi-non-dimensionaho-
mentderivativesdueto sideslipvelocity, fin angleandbody
rate. Finally, U is the longitudinal velocity. Furthermore,
m = 125Kkg is the missile mass,p = p, — 0.094h air den-
sity (py = 1.23 kgm~2 is the sealevel air densityand h
the missile altitude in km), V, the total velocity in ms™,
S= md?/4 = 0.0314m? the referencearea(d = 0.2 m is
thereferencadiameterjandl, = 67.5 kgm? is thelateralin-
ertia. ForthecoeficientsCyV,Cyz ,Cn, ,Cnv,Cn( only discrete
datapointsareavailable,obtainedrom wind tunnelexperi-
ments.Hence aninterpolationformula,involving theMach
numberM € [0.6,6.0], roll angleA € [4.5°,45°] andtotal
incidenceo € [3°,30°], hasbeencalculatedwith theresults
summarisedn Tablel.

The total velocity vectorVj, is the sum of the longitudi-
nal velocity vector U and the sideslip velocity vector V,
i.e.Vp = U +V, with all threevectorslying onthe xy plane
(seeFigurel). We assumehatU > v, sothatthetotal in-
cidencea, or the anglebetweenUJ andVj,, can be taken
as o = Vv/V,, assing ~ ¢ for small . Thus, we have
0 = Vv/V = v/v/V?+U?, so that the total incidenceis a
nonlinearfunction of the sideslipvelocity andlongitudinal
velocity, 0 = a(v,U).

TheMachnumberis obviously definedasM =V, /a, where
a is the speedof sound. SinceV, = v/v2+U?2, the Mach
numberis alsoa nonlinearfunction of the sideslipvelocity
andlongitudinalvelocity, M = M(v,U).

It follows from the above discussiorthatall coeficientsin



Table 1 canbe interpretedas nonlinearfunctionsof three
variables: sideslipvelocity v, longitudinal velocity U and
roll angleA.

For an equilibrium (vy, 1, {,) it is possibleto derive from

(1) a linear model in incrementalvariables,v = v — v,

r=r—ryand{ = —{, In particular for the straight
level flight (with gravity influence neglected), we have

(VosT9:{p) = (0,0,0), sothatthe incrementaland absolute
variablesare numericallyidentical, althoughconceptually
different.

3 Design of Lateral Missile Autopilot

3.1 Control design via fuzzy pole-placement

The generalstructureof the feedbackcontrol law is given
in 2 wherex is the statevariablevectorto bedeterminedn
termsof x andthereferencesignal.

Uag = _K(p)TX 2)

It shouldbe notedthatK(p) is determinedrecursvely but
its structureandin particularthe valuesof the longitudinal
andlateralcontrollersk ; (p) andK ,(p) areobtainedusing
the pole-placementechnique.

Substitutingthe controllaw in the stateequatiornyields:

%= A*X 3)

with the augmentednatrix A* to be givenby A* = A(p) —
BK(p)T.

The characteristicequationof the augmentedsystemcan
now bedeterminedrom |A] — A¥|

ThecoeficientsA ; areparametedependentEquatingthe
above mathematicakxpressionof the characteristigoly-
nomialof theaugmentedystemwith the oneof thedesired
(obtainedusingthedesiredperformanceharacteristicsthe
coeficientsof the pole-placementontrollerfor eachof the
local modelsareeasilyobtained.

3.2 Fuzzy Inference System

A Takagi-SugendT-S) fuzzy controller[17] is usedto de-
terminethe naturalfrequengy anddampingratiosrequired
for any givenMachandincidenceanglein orderto generate
a systemwith a givenperformancecharacteristicThe sys-
temhastwo inputs,Machandincidenceandgenerateswo
outputs naturalfrequeny anddamping.

The Takagi-SugendT-S) fuzzy controlleris composeaf r
rulesthatcanberepresenteds:

Plantrulei: If g isM; ande is I,
Then dwn, = ah,,
i=1,2,...,r,

WhereM; andl, areindividual membershigfunctions of
thetwo inputsandwy, is therequirednaturalfrequeng for
therule.

TheT-Sfuzzy modelinfers an, (t) astheoutputof thefuzzy
model, givenall therules,asfollows, wherev; is the total
degreeof membershigdor rulei.

_ Y1 Vi[dwn ]
i Sic1Vi

(4)

The secondoutputfor the dampingratio is calculatedn a
similar manner

3.3 Tracking control design

This controllerwould resultonly to a desiredtransientof
all local modelsby placing the polesof all the local sys-
temswithin a specifiedarea. However since our aim is
goodtrackingfor the missilewe shouldincludeto the de-
sign specificationexceptpeakovershootand settlingtime,
zerosteady-staterror. This canbe achiered with aninte-
graltermin theforward path.

The new augmentednodelwould containfor this system
one more statevariableto accountfor this integral term.
This new statevariableis definedas:

ted t d
x=J, t‘/to(y‘” t (5)
Therefore,

%= [yg—r] (6)

The statespacenow is describedy:

- el

B Bk ™

Thecompensatedystemthereforebecomes:



The characteristigpolynomial of the compensatedystem
is thenequatedwith the desiredpolynomialat eachstepto
adaptthe controllergains.

4 Evolutionary Algorithm

4.1 Introduction

Evolutionary Algorithms are optimisation procedures
which operateover a numberof cycles (generationsand
aredesignedo mimic the naturalselectionprocesghrough
evolution and survival of the fittest[12]. A population of
M independenindividualsis maintainedby the algorithm,
eachindividualrepresenting potentialsolutionto theprob-
lem. Eachindividual hasonechromosome. Thisis the ge-
netic descriptionof the solutionandmay be brokeninto n
sectionscalled genes. Eachgenerepresentsa single pa-
rameterin the problem,thereforea problemthat haseight
unknownsfor example,would requirea chromosomaewith
eightgenedo describet.

The threesimpleoperationsoundin nature,naturalselec-
tion, matingand mutationare usedto generatenewn chro-
mosomesandthereforenew potentialsolutions.In this pa-
per, an evolutionarystratgy wasusedwherenewv chromo-
someswere generatedy a combinationof mating (other
wise known as crossover) and applying Gaussiamoiseto
eachgenein eachchromosomewith a standarddeviation
that evolved along with eachgene. Eachchromosomes
evaluatedat every generationusing an objective function
thatis ableto distinguishgoodsolutionsfrom badonesand
to scoretheir performanceWith eachnew generationsome
of the old individuals die to make room for the new, im-
provedoffspring. Despitebeingvery simpleto code requir
ing no directionalor derivative informationfrom the objec-
tive function andbeing capableof handlinglarge numbers
of parametersimultaneouslyevolutionaryalgorithmscan
achieve excellentresults.

4.2 Algorithm structure

The evolutionary stratgy begins by generatingan initial
populationof 50 chromosomeat randomwith the standard
deviationsof the mutationsall setinitially asoneeighthof
thetotal rangeof eachgene.Theinitial populationis eval-
uatedand objective valuesgeneratedseesection4.3) and
thensorted(section4.4). Cross@er and mutationare then
appliedto thechromosometo generat@nothel50 chromo-
somes.Thesenew chromosomearethenevaluatedandthe
best50 from all 100 chromosomesire chosenfor the next
generationTheprocesss repeatedor 100generations.

The crosswer operationtakes each chromosomein turn
(chromosomen), and for eachchoosesa secondchromo-
someat random(with replacementjo crosswith (chromo-
someb). A new chromosomec) is generated’0% of the
time using (9), andfor the remaining30% of the time, a
copy of chromosomea is made.In (9), a,, b, & ¢, aregene

k of chromosomes, b & ¢ andU, is a uniform random
numberin the range[0,1] chosenaneav for eachgeneand
eachchromosome.

¢, = a+ (b, —a,) (1.5U — 0.25) )

The evolutionarystratgy updateghe standardieviation of

the mutationandthe value of eachgenefor every genein

eachnew chromosomeusing (10). In (10), o', (x) is the
standardieviation of genek of chromosome, «', (X) isthe
valueof genek of chromosome, N(0, 1) is arandomnum-
berwith zeromeanandunity varianceGaussiamlistribution
andis chosenonceper chromosomeN, (0,1) is arandom
numberwith zero meanand unity varianceGaussiarndis-
tribution andis chosenafreshfor every gene,andn is the
numberof genesn eachchromosome.

o () = 0,(x)exp(1oN(0,1) + 1,N,(0,1))
W\ (X = @)+ (X)NJ(O,1)
1
T, = NG
T — i
VAT

(10)

4.3 Chromosome structure and objectives

4.3.1 Chromosome: The chromosome structure
needsto representboth the membershipfunctions for
the two inputs, and the output valuesfor every possible
rule. Four membershipfunctions are usedfor each of
the two inputs. The memberfunctionsare triangularand
overlappingto alwaysgive a unity sumasshown in figure 2

Aa AblAc
e=o0 € max

Figure 2: Membershigunctionstructure

For the two inputs, the input rangesare g, = 0.6 to e, =

6 for the Mach number ande, = 0° to e, = 30° for the
incidence.Threegenesare usedfor eachinputto describe
therelative positionsof the peaksof the memberfunctions
asshawn in figure 2. This procesgyivesa total of 6 genes
to representhe membershigunctions.Eachof the 6 genes
mustlie in therange(0,1].



The outputvaluefor eachthe rule is simply a pair of con-

stantspnefor eachof thetwo outputs.Thereforewith four

input membeifunctionson eachinput, thereare16 possible
rules,giving atotal of 32 genego representheoutputfunc-

tions. The 16 genevaluesfor the naturalfrequeng output
mustlie in therange[15 50] andthe 16 genevaluesfor the

dampingratio outputmustlie in therange[0.6 0.99]. Thus
thechromosoméengthis atotal of 38 genes.

4.3.2 Objectives: Theperformancés testedby gen-
eratingthe stepresponseof the systemfor 100 uniformly
spacedpointsin the naturalfrequeng/ dampingratio do-
main. The rise time, overshootandfinal erroris recorded
at eachpoint. Two objectivesarethengeneratedhat sum-
marisethe performanceof thechromosome.

Thefirst objective is a combinationof therisetime andthe
error. Theobjectiveis to maximisetheworstof: thelongest
rise time; andten timesthe absoluteerror of the stepre-
sponseafter0.3seconds.

The secondobjective is to minimisethe worstovershootof

theresponseln this paper the two objectivesareintended
to give a flat responsdrom the plant. By makingthe ob-

jectivesdependenbn the stateof Machandincidence ary

requirednon-linearesponsgatterncould be generated.

4.4 Non-dominated Ranking

With multiple objectives,a Pareto-optimasetof resultq12]
may be formedwhereno singlesolutionis betterthanary
otherin all objectives. Thesesolutionsare saidto be non-
dominated as no solution can be chosenin preferenceto
the othersbasedon the all objectivesalone. Thereexists a
singlePareto-optimaketof solutiongto theproblem.At ary
intermediatestageof optimisation,a setof non-dominated
resultswill have beenidentified. This setmay or may not
bethe Paretooptimal set.

A non-dominatedankingmethod[12] is usedin theevolu-
tionaryalgorithmto generat@ndmaintainanon-dominated
setof results. Corventionalevolutionary algorithmsoften
usearankingmethodwherethe calculatecobjective values
aresortedandassigned rank thatis dependenbnly upon
their positionin the list, ratherthantheir objective value.
The ranking operationhelpsto prevent prematurecorver-
genceof the evolutionaryalgorithm.

The non-dominatedanking systemoperatedy first iden-
tifying the non-dominatedsolutionsin the populationand
assigningthema rank of one. A dummyvalue (1 in this
implementation)s assignedo thesesolutionsanda shar
ing processs applied.With the sharingthe dummyvalues
of theindividuals’ arereducedf they have nearneighbours
(in the objective space). The sharingprocessensureghat
a spreadof solutionsis obtainedacrossthe non-dominated
front. The minimum value assignedo the level-onesolu-
tions is identified and then reducedslightly (by 1%) and
usedasadummyvaluefor thenext level of processingThe

level-oneindividualsareremoved from the populationand
theidentification—sharingrocessepeateadntheremaining
set,usingthe reduceddummyvaluefor the sharingopera-
tion. Therankingprocessds continueduntil all of theindi-

viduals have beenaccountedor. The resultingobjectives
areintendedio be usedwith a maximisation strateyy.

5 Experimental Results

Figure 3 shaws a typical non-dominatedsurfaceafter 100
generationsBoth of the objectvescannotbe minimisedsi-
multaneouslysothe lower leadingedgeof the pointsindi-
cateshesetof bestpossiblesolutions(markedwith crosses
in circles).

All of thesolutionsonthenon-dominatedront arevalid so-
lutionsto the problemandit is down to thesystemdesigner
to choosea singlesolutionfor usein thecontrolsystem.

max overshoot
o

oo
° ° o o ©%g
e e

0 L L L L L L L
0.05 0.06 0.07 0.08 0.09 0.1 0.11 012 0.13
rise error or 10* final error

Figure 3: Non-dominatedptimisationsurface

Figures4 and5 show the surfacesgeneratedy the fuzzy
inferencesystemsgor boththenaturalfrequeng wn, andthe
dampingratio ¢ for the solutionthatminimisestheerrorin
therisetime andfinal value. As only 100 generationsvere
used,the surfacesshavn areunlikely to be partof thetrue
Paretoset,however they arelikely to be quite close. With
moregenerationsthe surfaceswill becomesmootheiasthe
membershigunctionsarerefinedfurther.

6 Conclusions

Thispapemasshovn thatafuzzy pole-placemertontroller
canbedesignedor complex non-linearsystemso produce
givenperformanceverarangeof plantconditions. Theuse
of evolutionaryalgorithmsto optimisethe fuzzy inference
systenremovestherequiremenbf expertknowledgeto de-
signthe fuzzy landscapesthe multiobjective algorithmis

capableof discovering a rangeof solutionswith little de-
signerintervention.

Themultiobjective formulationallows mary potentialsolu-
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Figure5: Controlsurfacefor o

tionsto begenerategimultaneouslyThe designercanthen
choosea candidatesolutionwhilst beinginformed of what
othersolutionsto the problemmay exist.
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