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Abstract

Gainscheduledcontrolis oneveryusefulcontroltechnique
for linearparameter-varying(LPV) andnonlinearsystems.
A disadvantageof gain-scheduledcontrol is that it is not
easyto designacontrollerthatguaranteestheglobalstabil-
ity of theclosed-loopsystemovertheentireoperatingrange
from the theoreticalpoint of view. Another disadvantage
is that the interpolationincreasesin complexity asnumber
of schedulingparametersincreases.As an improvement,
this paperpresentsa gain-schedulingcontrol technique,in
which fuzzy logic is usedto constructa modelrepresenting
a quasi-LPVor a nonlinearmissileand to performa con-
trol law. The fuzzy inferencesystemis generatedusinga
multi-objective evolutionaryalgorithmto optimisetheper-
formancecharacteristicsof theplant.

1 Introduction

The performanceof an air vehicle is highly dependenton
thecapabilitiesof theguidance,navigationandcontrolsys-
tems.To achieve improvedperformancein suchaerospace
systems,it is importantthatmoresophisticatedcontrolsys-
temsbe developedandimplemented.In particular, asthe
performanceenvelope is expanded,the control schemes
mustbecomeadaptive andquasi-linear, to provide perfor-
manceover a greaterrange,in thefaceof changingoperat-
ing conditions.

The tracking performanceof a missile is also dependent
on the location within the flight envelopeandvarieswith
factorssuchas Mach numberand incidence. Several ap-
proaches,includingadaptivecontrol[1], [2], nonlinearcon-
trol [3], andgainscheduling[4] have beenusedto alleviate
thesetrackingproblems.

Oneof themostpopularmethodsfor applyinglinear time-
invariant(LTI) control theoryto time-varyingand/orquasi-
linearsystemsis gainscheduling[5]. Thisstrategy involves
obtainingTaylor linearisedmodelsfor the plant at finitely

many equilibria(“setpoints”),designinganLTI controllaw
(“point design”)to satisfylocal performanceobjectivesfor
eachpoint,andthenadjusting(“scheduling”)thecontroller
gainsin realtime astheoperatingconditionsvary. Thisap-
proachhasbeenappliedsuccessfullyfor many years,par-
ticularly for aircraftandprocesscontrolproblems.

Despitepastsuccessof gainschedulingin practice,until re-
centlylittle hasbeenknown aboutit theoreticallyasa time-
varyingand/orquasi-linearcontrol technique.Also, deter-
miningtheactualschedulingroutineis moreof anart thana
science.While ad hoc approachessuchaslinear interpola-
tion andcurvefitting maybesufficientfor simplestatic-gain
controllers,doingthesamefor dynamicmulti-variablecon-
trollerscanbearathertediousprocess.

An early theoreticalinvestigationinto the performanceof
parameter-varying systemscan be found in [6]. During
the 1980’s, Rughandhis colleaguesdevelopedan analyt-
ical framework for gainschedulingusingextendedlineari-
sation[5]. Also, ShammaandAthans[7] introducedlin-
earparameter-varying(LPV) systemsasa tool for quanti-
fying suchheuristicdesignrulesas“the resultingparame-
ter mustvary slowly” and“the schedulingparametermust
capturethe nonlinearitiesof the plant”. ShahruzandBe-
htash[8] suggestedusing LPV systemsfor synthesising
gain-scheduledcontrollers.

Attention hassince turned to performanceand designof
parameter-dependentcontrollersfor LPV systems. Vari-
ousdesignmethodswhich have beenproposedsharesev-
eral commonfeatures,e.g., the currentmethodsarebased
on extendedstate-spaceapproachesto H∞ optimal control
for LTI systems[9], [10], andLTV systems[11]. Perfor-
manceis usuallymeasuredin termsof theinducedL2-norm,
andcontrollersaredesignedfor certainclassesof parame-
ter variations,e.g., real or complex values,arbitrarily fast
or boundedratesof variation,shapeof theparameterenve-
lopeetc. Theresultingparameter-dependentcontrollersare
scheduledautomatically, so that the often arduoustaskof
schedulinga complex multivariablecontrollera posteriori



is avoided.

In thispaperfuzzypole-placementcontroldesigntechnique
is appliedto theautopilotdesignfor themissile. Themis-
silemotionis modelledto bequasi-linearwith unknownpa-
rameters. Basedon the quasi-linearmodel, we adoptfor
designprocedurethe fuzzy pole-placementmethod. The
performanceobjectivesrelatedwith the transient,i.e. set-
tling time, rising time, peakovershootare achieved with
the fuzzy pole-placement.However, sinceour problemis
oneof tracking,an additionalperformanceobjective, that
of zerosteady-stateerrorshouldbetakeninto account.This
canbe achieved with an integral term in forward loop. In
this scheme,unknown parametersareestimatedandbased
on theseestimates,control parametersareupdated.Com-
putersimulationsshow that this approachis very promis-
ing to apply the motion control designfor missiles,which
arehighly quasi-linearin dynamics.Theoptimisationof the
fuzzysystemis performedusingamultiobjectiveevolution-
ary algorithm[12].

Section2 details the missile model and coefficients, sec-
tion 3 describesthe designof the controllerandthe struc-
tureof thefuzzy inferencesystem.Themultiobjectiveevo-
lutionaryalgorithmis detailedin section4. Section5 shows
typical resultsfrom the optimisationprocessandsection6
concludes.

2 Missile model

Missile autopilotsareusuallydesignedusinglinearmodels
of nonlinearequationsof motion and aerodynamicforces
andmoments[13], [14]. The objective of this paperis ro-
bustdesignof a sideslip(yaw) velocity autopilotfor a non-
linear missile model. This model describesa reasonably
realisticairframeof a tail-controlledtacticalmissilein the
cruciform fin configuration(Figure 1). The aerodynamic
parametersin thismodelarederivedfrom wind-tunnelmea-
surements[15].
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Figure 1: Airframeaxes.

Thestartingpoint for mathematicaldescriptionof themis-
sile is thefollowing nonlinearmodel[16], [15] of thehori-

Table 1: Coefficientsin nonlinearmodel(1).
Interpolatedformula

Cyv 0 1 5 24365 25 7 M 5 608σ 8 9�3 1 7 cos4λ 9�7365 26 7 1 1 5M 5 308σ 8 9:3 1 5 cos4λ 9<;
Cyζ

10 7 0 1 5 2=3>5 1 1 6M 7 2 8σ 8 9�3 1 7 cos4λ 9�7365 1 1 4M 7 1 1 5 8σ 8 9�3 1 5 cos4λ 9?;
Cnr 5 500 5 30M 7 2008σ 8
Cnv smCyv , where:

sm @ d A 1 2 1 1 3 7 0 1 1M 7 0 1 2 3 1 7 cos4λ 9�8σ 8 7
0 1 3 3 1 5 cos4λ 9/8σ 8�5B3 1 1 3 7 m C 5009<;

Cnζ
s fCyζ

, where:

s f @ d A 1 2 2 1 6 5D3 1 1 3 7 m C 5009?;
zontalmotion(on thexy planein Figure1):

v̇ @ yv 3 M E λ E σ 9 v 5 Ur 7 yζ 3 M E λ E σ 9 ζ@ 1
2

m A 1ρVoS 3 Cyvv 7 VoCyζ
ζ 9�5 Ur

ṙ @ nv 3 M E λ E σ 9 v 7 nr 3 M E λ E σ 9 r 7 nζ 3 M E λ E σ 9 ζ@ 1
2

I A 1
z ρVoSd F 1

2
dCnr r 7 Cnvv 7 VoCnζ

ζ G�1 (1)

wherethe variablesaredefinedin Figure1. Herev is the
sideslipvelocity, r is thebodyrate,ζ therudderfin deflec-
tions,yv E yζ semi-non-dimensionalforcederivativesdueto
lateral and fin angle,nv E nζ E nr semi-non-dimensionalmo-
mentderivativesdueto sideslipvelocity, fin angleandbody
rate. Finally, U is the longitudinalvelocity. Furthermore,
m @ 125 kg is the missilemass,ρ @ ρ0 5 0 1 094h air den-
sity (ρ0 @ 1 1 23 kgmA 3 is the sealevel air densityand h
the missile altitude in km), Vo the total velocity in msA 1,
S @ πd2 C 4 @ 0 1 0314m2 the referencearea(d @ 0 1 2 m is
thereferencediameter)andIz @ 671 5 kgm2 is thelateralin-
ertia.For thecoefficientsCyv E Cyζ

E Cnr E Cnv E Cnζ
only discrete

datapointsareavailable,obtainedfrom wind tunnelexperi-
ments.Hence,aninterpolationformula,involving theMach
numberM HI2 0 1 6 E 6 1 0; , roll angleλ HI2 4 1 5J/E 45JK; and total
incidenceσ HL2 3JME 30JK; , hasbeencalculatedwith theresults
summarisedin Table1.

The total velocity vector NVo is the sum of the longitudi-
nal velocity vector NU and the sideslip velocity vector Nv,
i.e. NVo @ NU 7 Nv, with all threevectorslying on thexy plane
(seeFigure1). We assumethatU O v, so that thetotal in-
cidenceσ , or the anglebetween NU and NVo, can be taken
as σ @ v C Vo, as sinσ P σ for small σ . Thus, we have
σ @ v C Vo @ v CRQ v2 7 U2, so that the total incidenceis a
nonlinearfunctionof thesideslipvelocity andlongitudinal
velocity, σ @ σ 3 vE U 9 .
TheMachnumberis obviouslydefinedasM @ Vo C a, where
a is the speedof sound. SinceVo @ Q v2 7 U2, the Mach
numberis alsoa nonlinearfunctionof thesideslipvelocity
andlongitudinalvelocity, M @ M 3 v E U 9 .
It follows from theabove discussionthatall coefficientsin



Table1 canbe interpretedasnonlinearfunctionsof three
variables:sideslipvelocity v, longitudinal velocity U and
roll angleλ .

For an equilibrium 3 v0 E r0 E ζ0 9 it is possibleto derive from
(1) a linear model in incrementalvariables, v̄

1@ v 5 v0,
r̄
1@ r 5 r0 and ζ̄ 1@ ζ 5 ζ0. In particular, for the straight

level flight (with gravity influence neglected), we have3 v0 E r0 E ζ0 9 @ 3 0 E 0 E 09 , so that the incrementalandabsolute
variablesare numericallyidentical, althoughconceptually
different.

3 Design of Lateral Missile Autopilot

3.1 Control design via fuzzy pole-placement
The generalstructureof the feedbackcontrol law is given
in 2 wherex is thestatevariablevectorto bedeterminedin
termsof x andthereferencesignal.

ua @ 5 K 3 p 9 T x (2)

It shouldbe notedthat K 3 p 9 is determinedrecursively but
its structureandin particularthevaluesof the longitudinal
andlateralcontrollersK1 3 p 9 andK2 3 p 9 areobtainedusing
thepole-placementtechnique.

Substitutingthecontrollaw in thestateequationyields:

ẋ @ A S x (3)

with theaugmentedmatrix A S to begivenby A S @ A 3 p 9�5
BK 3 p 9 T .

The characteristicequationof the augmentedsystemcan
now bedeterminedfrom 8 λ I 5 A S 8
ThecoefficientsAi T j areparameterdependent.Equatingthe
above mathematicalexpressionof the characteristicpoly-
nomialof theaugmentedsystemwith theoneof thedesired
(obtainedusingthedesiredperformancecharacteristics)the
coefficientsof thepole-placementcontrollerfor eachof the
localmodelsareeasilyobtained.

3.2 Fuzzy Inference System
A Takagi-Sugeno(T-S) fuzzy controller[17] is usedto de-
terminethe naturalfrequency anddampingratiosrequired
for any givenMachandincidenceanglein orderto generate
a systemwith a givenperformancecharacteristic.Thesys-
temhastwo inputs,Machandincidence,andgeneratestwo
outputs,naturalfrequency anddamping.

TheTakagi-Sugeno(T-S) fuzzycontrolleris composedof r
rulesthatcanberepresentedas:

Plantrule i: If ei is M j andei is Ik
Then δωni @ ωni

,
i @ l E 2 E61=1=14E r,
WhereM j and Ik are individual membershipfunctionsof
thetwo inputsandωni

is therequirednaturalfrequency for
therule.

TheT-Sfuzzymodelinfersωni
3 t 9 astheoutputof thefuzzy

model,givenall the rules,asfollows, whereνi is the total
degreeof membershipfor rule i.

ωni @ ∑r
i U 1 νi 2 δωni

;
∑r

i U 1νi
(4)

The secondoutputfor the dampingratio is calculatedin a
similarmanner.

3.3 Tracking control design
This controller would result only to a desiredtransientof
all local modelsby placing the polesof all the local sys-
tems within a specifiedarea. However since our aim is
goodtrackingfor the missilewe shouldincludeto the de-
sign specificationexceptpeakovershootandsettlingtime,
zerosteady-stateerror. This canbe achievedwith an inte-
gral termin theforwardpath.

The new augmentedmodelwould containfor this system
one more statevariable to accountfor this integral term.
Thisnew statevariableis definedas:

xi @WV t

t0

edt @WV t

t0

3 y 5 r 9 dt (5)

Therefore,
ẋi @YX yd 5 r Z (6)

Thestatespacenow is describedby:[\
ẋ5
ẋi

]^ @ _ A 3 p 9 05 C 0 ` _ x
xi `7 _ B

0 ` ζ 7 _ 0
I ` r (7)

Thecompensatedsystemthereforebecomes:

[\
ẋ5
ẋi

]^ @ _ A 3 p 9�5 BK 3 p 9a5 BKi5 C 0 ` [\
x5
xi

]^
7 [\

05
I

]^
r (8)



The characteristicpolynomial of the compensatedsystem
is thenequatedwith thedesiredpolynomialat eachstepto
adaptthecontrollergains.

4 Evolutionary Algorithm

4.1 Introduction
Evolutionary Algorithms are optimisation procedures
which operateover a numberof cycles (generations)and
aredesignedto mimic thenaturalselectionprocessthrough
evolution andsurvival of the fittest [12]. A population of
M independentindividualsis maintainedby thealgorithm,
eachindividualrepresentingapotentialsolutionto theprob-
lem. Eachindividual hasonechromosome. This is thege-
netic descriptionof the solutionandmay be broken into n
sectionscalled genes. Eachgenerepresentsa single pa-
rameterin the problem,thereforea problemthat haseight
unknownsfor example,would requirea chromosomewith
eightgenesto describeit.

The threesimpleoperationsfound in nature,naturalselec-
tion, matingandmutationareusedto generatenew chro-
mosomesandthereforenew potentialsolutions.In this pa-
per, anevolutionarystrategy wasusedwherenew chromo-
somesweregeneratedby a combinationof mating(other-
wise known ascrossover) andapplyingGaussiannoiseto
eachgenein eachchromosome,with a standarddeviation
that evolved along with eachgene. Eachchromosomeis
evaluatedat every generationusing an objective function
thatis ableto distinguishgoodsolutionsfrom badonesand
to scoretheirperformance.With eachnew generation,some
of the old individuals die to make room for the new, im-
provedoffspring.Despitebeingverysimpleto code,requir-
ing no directionalor derivative informationfrom theobjec-
tive function andbeingcapableof handlinglarge numbers
of parameterssimultaneously, evolutionaryalgorithmscan
achieveexcellentresults.

4.2 Algorithm structure
The evolutionary strategy begins by generatingan initial
populationof 50chromosomesat randomwith thestandard
deviationsof themutationsall setinitially asoneeighthof
thetotal rangeof eachgene.Theinitial populationis eval-
uatedandobjective valuesgenerated(seesection4.3) and
thensorted(section4.4).Crossover andmutationare then
appliedto thechromosomesto generateanother50chromo-
somes.Thesenew chromosomesarethenevaluatedandthe
best50 from all 100chromosomesarechosenfor the next
generation.Theprocessis repeatedfor 100generations.

The crossover operationtakes eachchromosomein turn
(chromosomea), and for eachchoosesa secondchromo-
someat random(with replacement)to crosswith (chromo-
someb). A new chromosome(c) is generated70% of the
time using (9), and for the remaining30% of the time, a
copy of chromosomea is made.In (9), ak, bk & ck aregene

k of chromosomesa, b & c andUk is a uniform random
numberin the range[0,1] chosenanew for eachgeneand
eachchromosomea.

ck @ ak 7b3 bk 5 ak 9:3 1 1 5U 5 0 1 259 (9)

Theevolutionarystrategy updatesthestandarddeviation of
the mutationandthe valueof eachgenefor every genein
eachnew chromosome,using (10). In (10), σ c k 3 x 9 is the
standarddeviationof genek of chromosomex, ω c k 3 x 9 is the
valueof genek of chromosomex, N 3 0 E 19 is arandomnum-
berwith zeromeanandunity varianceGaussiandistribution
andis chosenonceper chromosome,Nk 3 0 E 19 is a random
numberwith zero meanand unity varianceGaussiandis-
tribution andis chosenafreshfor every gene,andn is the
numberof genesin eachchromosome.

σ c k 3 x 9 @ σk 3 x 9 exp 3 τ0N 3 0 E 19d7 τ1Nk 3 0 E 1969
ω c k 3 x 9 @ ωk 3 x 9d7 σ c k 3 x 9 Nk 3 0 E 19

τ0 @ 1e
2Q n

τ1 @ 1Q 2n
(10)

4.3 Chromosome structure and objectives
4.3.1 Chromosome: The chromosome structure

needs to representboth the membershipfunctions for
the two inputs, and the output valuesfor every possible
rule. Four membershipfunctions are used for each of
the two inputs. The memberfunctionsare triangularand
overlappingto alwaysgiveaunity sumasshown in figure2

a∆ b∆ c∆

µ=1

emaxe= 0

Figure 2: Membershipfunctionstructure

For the two inputs, the input rangesaree0 @ 0 1 6 to em @
6 for the Mach number, and e0 @ 0J to em @ 30J for the
incidence.Threegenesareusedfor eachinput to describe
therelative positionsof thepeaksof thememberfunctions
asshown in figure2. This processgivesa total of 6 genes
to representthemembershipfunctions.Eachof the6 genes
mustlie in therange(0,1].



The outputvaluefor eachthe rule is simply a pair of con-
stants,onefor eachof thetwo outputs.Thereforewith four
inputmemberfunctionsoneachinput, thereare16possible
rules,giving atotalof 32genesto representtheoutputfunc-
tions. The16 genevaluesfor the naturalfrequency output
mustlie in therange[15 50] andthe16 genevaluesfor the
dampingratio outputmustlie in therange[0.6 0.99]. Thus
thechromosomelengthis a totalof 38 genes.

4.3.2 Objectives: Theperformanceis testedby gen-
eratingthe stepresponseof the systemfor 100 uniformly
spacedpoints in the naturalfrequency/ dampingratio do-
main. The rise time, overshootandfinal error is recorded
at eachpoint. Two objectivesarethengeneratedthat sum-
marisetheperformanceof thechromosome.

Thefirst objective is a combinationof therisetime andthe
error. Theobjectiveis to maximisetheworstof: thelongest
rise time; and ten times the absoluteerror of the stepre-
sponseafter0.3seconds.

Thesecondobjective is to minimisetheworstovershootof
theresponse.In this paper, thetwo objectivesareintended
to give a flat responsefrom the plant. By makingthe ob-
jectivesdependenton thestateof Machandincidence,any
requirednon-linearresponsepatterncouldbegenerated.

4.4 Non-dominated Ranking
With multipleobjectives,aPareto-optimalsetof results[12]
maybe formedwhereno singlesolutionis betterthanany
otherin all objectives. Thesesolutionsaresaidto be non-
dominated as no solution can be chosenin preferenceto
theothersbasedon theall objectivesalone. Thereexistsa
singlePareto-optimalsetof solutionsto theproblem.At any
intermediatestageof optimisation,a setof non-dominated
resultswill have beenidentified. This setmay or may not
betheParetooptimalset.

A non-dominatedrankingmethod[12] is usedin theevolu-
tionaryalgorithmto generateandmaintainanon-dominated
setof results. Conventionalevolutionaryalgorithmsoften
usea rankingmethodwherethecalculatedobjectivevalues
aresortedandassigneda rank that is dependentonly upon
their position in the list, ratherthan their objective value.
The rankingoperationhelpsto prevent prematureconver-
genceof theevolutionaryalgorithm.

The non-dominatedrankingsystemoperatesby first iden-
tifying the non-dominatedsolutionsin the populationand
assigningthema rank of one. A dummy value (1 in this
implementation)is assignedto thesesolutionsanda shar-
ing processis applied.With thesharing,thedummyvalues
of theindividuals’arereducedif they havenearneighbours
(in the objective space).The sharingprocessensuresthat
a spreadof solutionsis obtainedacrossthenon-dominated
front. The minimum valueassignedto the level-onesolu-
tions is identified and then reducedslightly (by 1%) and
usedasadummyvaluefor thenext level of processing.The

level-oneindividualsareremovedfrom the populationand
theidentification–sharingprocessrepeatedontheremaining
set,usingthe reduceddummyvaluefor thesharingopera-
tion. Therankingprocessis continueduntil all of the indi-
vidualshave beenaccountedfor. The resultingobjectives
areintendedto beusedwith a maximisation strategy.

5 Experimental Results

Figure3 shows a typical non-dominatedsurfaceafter 100
generations.Bothof theobjectivescannotbeminimisedsi-
multaneously, so the lower leadingedgeof thepointsindi-
catesthesetof bestpossiblesolutions(markedwith crosses
in circles).

All of thesolutionsonthenon-dominatedfront arevalid so-
lutionsto theproblemandit is down to thesystemdesigner
to choosea singlesolutionfor usein thecontrolsystem.
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Figure 3: Non-dominatedoptimisationsurface

Figures4 and5 show the surfacesgeneratedby the fuzzy
inferencesystemsfor boththenaturalfrequency ωn, andthe
dampingratio δ for thesolutionthatminimisestheerror in
therisetime andfinal value.As only 100generationswere
used,thesurfacesshown areunlikely to bepartof the true
Paretoset,however they arelikely to be quiteclose. With
moregenerations,thesurfaceswill becomesmootherasthe
membershipfunctionsarerefinedfurther.

6 Conclusions

Thispaperhasshown thatafuzzypole-placementcontroller
canbedesignedfor complex non-linearsystemsto produce
givenperformanceoverarangeof plantconditions.Theuse
of evolutionaryalgorithmsto optimisethe fuzzy inference
systemremovestherequirementof expertknowledgeto de-
sign the fuzzy landscapeasthemultiobjective algorithmis
capableof discovering a rangeof solutionswith little de-
signerintervention.

Themultiobjectiveformulationallowsmany potentialsolu-



0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1

34

36

38

40

42

44

46

48

MachIncidence

na
tu

ra
l f

re
q

Figure 4: Controlsurfacefor ωn
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tionsto begeneratedsimultaneously. Thedesignercanthen
choosea candidatesolutionwhilst beinginformedof what
othersolutionsto theproblemmayexist.
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