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Abstract— The paper presents the lateral acceleration con-
trol design of non-linear missile model using the multiple
single objective Pareto sampling method. The interpolated
controller design for the uncertain plants is carried out by
minimizing gain and phase margins, tracking and actuator
rate limit frequency domain based performance objectives. An
ad-hoc approach is taken to the controller interpolation. The
controller’s trade-offs are analyzed using the obtained Pareto
optimal solutions (corresponding to a given set of weight
vectors). The non-linear simulation results show that the
selected interpolated controller is a robust tracking controller
for all perturbation vertices.

I. INTRODUCTION

This paper looks at the application of multi-objective
evolutionary optimization to a robust autopilot design. The
aim is to synthesize the fixed-structure controller by shaping
the system’s open and closed-loop frequency responses
results in the closed-loop responses are within the tracking
bounds. However, the demanded fast closed-loop responses
are constrained by the fin’s rate limit. In this work, the
actuator sluggishness is avoided by limiting the demanded
fin angle response at high frequency to be within the
maximum fin deflection rate for a step input. Finding a
feasible control structure (and furthermore tuning it) that
meet the frequency bounds can be very difficult, and the
resulting interpolated controller may not be stabilizing. By
formulating the former to an optimization problem, the
specific solutions on the Pareto front can be identified using
the evolution strategy (ES) and target vector method. Note
that the ES allows the inner and outer loop-shaping to be
carried out simultaneously. The resulting linear controllers
are interpolated using a soundly-based gain scheduling
approach.

This paper is organized as follows: The missile’s lateral
dynamics and autopilot requirements are described in sec-
tion II. The problem formulation, the stability constraints
" and frequency domain based objective functions, is stated
in section III. The implication of trade-offs and simulation
results are presented in section IV.

II. MiISSILE MODEL AND AUTOPILOT REQUIREMENTS
A. Non-Linear Model

The missile model used in this study is taken from
Horton’s MSc thesis [1]. Tt describes a 5 DOF model in
parametric format with severe cross-coupling and non-linear
behavior. This study will look at the reduced problem of a
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2 DOF controller for the lateral motion (on the zy plane in
Fig. 1). The airframe is roll stabilized (A = 45°), and no

Fig. 1.

Airframe axes and nomenclature.

coupling is assumed between pitch and yaw channels. With
these assumptions, the equations of motion are given by

v = y(Mov+y(M,o)-Ur,
1
= %pVS(CyUT) + VCy< C) = UT,
7+ = ny(M,0)v+n.(M,o)r +n.(M, o),

.]
2L

where the variables are defined in Fig. 1. Here v is the
side-slip velocity, r is the body rate, ¢ is the rudder fin
deflections, y,, y; are semi-non-dimensional force deriva-
tives due to lateral velocity and fin angle, ny, n,, n¢
are semi-non-dimensional force derivatives due to side-slip
velocity, body rate and fin angle. U is the forward velocity.
Furthermore, m = 150 kg (125 kg) is the missile mass
when full (all bumnt), p = py — 0.094% is the air density
(po = 1.23 kg/m3 is the sea level air density and h is
the missile altitude in km), V' is the total velocity in m/s,
S = wd? /4 = 0.0314 m? is the reference area (d = 0.2 m is
the reference diameter) and I, = 75 kg-m? (60 kg-m?) is the
lateral inertia when full (all burnt). For the coefficients C;_,
Cys Ca,» Cha,., Cp, only discrete data points are available,
obtained from wind tunnel experiments. The interpolation
formulas, involving the Mach number M and incidence o,
have been evaluated with the results summarized in Table
L. V = y/U? +42 is to total velocity. It is assumed that
U > v, so that the total incidence o can thus be taken
as ¢ = v/U, as sinc ~ o for small o. Finally, the
Mach number is obviously defined as M = V/a, where
a = 340 m/s is the speed of sound.

PV 8d(Cp,v + %dcn,r +VCa () )
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Aerodynamic | Interpolated formula
derivative
Cy, - —26 + 1.5M — 60|o|
Cy; =10 + 1.4M — 1.5]o[
Chn, —500 — 30M + 200]0]
Ch, $mCy,, Where
8 = d1[{1.3 + m/500)
—(1.3+ 0.1 M + 0.3|a])]
C,T< F) ,C,,c , where
s7 = d~[(1.3 + m/500) — 2.6)

TABLE I
AERODYNAMIC DERIVATIVES OF THE NON-LINEAR MODEL.

B. 2 DOF Autopilot Configuration

The lateral autopilot configuration used in this paper is
shown in Fig. 2, where F'(s) = 98700/(s* 4+ 4453+ 98700)

Fig. 2. 2 DOF autopilot configuration.

is the fin servo dynamics with maximum fin angle of
+0.3 rad and rate of +15 rad/s, H,.(s) = 253000/(s? +
710s + 253000) is the rate gyro dynamics, H, (s) =
394800/(s* + 890s -+ 394800) is the lateral accelerometer
dynamics and !; = 0.9 m (0.8 m) is the accelerometer mo-
ment arm when full (all burnt). The open-loop transmission
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represent the missile dynamics, obtained by linearizing (1).

C. Closed-Loop Performance Specifications

The autopilot is required to track a lateral acceleration
demand a,, over the whole flight envelope (see Fig. 3).
The airframe is constrained by limitations on structure
integrity, and for a modern missile requiring high maneu-
verability a typical maximum lateral acceleration a,, ___ will
be £500 m/s?. Recall that 0 = v/U, Oyay can thus
be found by equating (1) to 0 and using the relationship
ay,, = Ur,s. The operating envelope of the Mach number
M and incidence o corresponding to a,,,,, = +500 m/s?
js calculated and shown in figure 4.

Moreover, the autopilot must also be as robust
to the variation in mass m (the propellant is con-
stantly burned) and uncertainty in acrodynamic derivatives
(Ac,, ’Acu ,Ac"‘,,Acn,,Ac.,c = 4+5%), and not being
upset by fin saturation and sluggishness.

il H i I I H H
e 002 o004 008 008 o 01z WM 01e o2 02
Ircxdance @ (ed)

Fig. 4. Operating envelope.

A list of performance specification (for a unit-step in-
put) is given in the time-domain using familiar figures as
follows:

Settling time ¢, < 0.25 s,

Settling time variation |d;,| < 0.05 s,

Steady state error e, < 10 %,

Damping ratio {,, ~ 0.7,

Gain margin GM > 9 dB, Phase margin PM > 40°.
Fin deflection || < 0.0006 rad, fin deflection rate
<] < 0.015 rad/s.

From the results obtained in Fig. 4, the required fin angle
(ss is well within the saturation level. Hence, the actuator
saturation problem can be safely ignored in this case.
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[II. DESIGN OF LATERAL MISSILE AUTOPILOT
A. Internal Stability

The sufficient and necessary condition for the robust
stability of the closed-loop systems (depicted in Figure 2)
is that

1. T'(s) = ay(s)/ay,(s) is stable.

2. A non-minimum phase zero of Ga, (s) is not canceled
by an unstable pole of C(s).

In this work, the stability of 7°(s) is determined by solving

the roots of the characteristic polynomial. To ensure internal
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