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A PhaseEstimatorfor Complex Signalsusing
EvolutionaryAlgorithms
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Abstract—This paper presentsa new method of phaseestimation that
is basedon Evolutionary Algorithms. Unlike traditional phaseestimators,
this methoddoesnot require detaileda priori knowledgeof the signal. The
estimator operatesby generatinga model of the signal and optimising the
model parameters including phase,to provide the best match in the fr e-
quencydomain. The resultsshow that the estimationprocessis capableof
providing a goodphaseestimateof the signal,even in significant noiseand
for a wide rangeof waveforms.

Index Terms—Phaseestimation,Evolutionary Algorithms

I . INTRODUCTION�
HASEestimationof signalsis of greatimportancein ap-
plicationssuchasinterferencecancellation,coherentcom-

municationover time-varyingchannelsanddirectionof arrival
estimation.Theproblembeingaddressedin thispaperis thees-
timationof theinitial phaseof acomplex signalfor usein coher-
entsystems.Djuric andKay [1] have proposedseveralclosely
relatedmethodsthatcouldbeusedfor phaseestimationof gen-
eralisedchirps,thataredescribedby higherorderpolynomials,
with limited a priori knowledgeaboutthesignalcharacteristics.
While thesemethodsperformexceptionallywell undercondi-
tionsof highSignal-to-NoiseRatios(SNRs),for SNRslessthan
8dB theperformanceof thesemethodsdegradesrapidly.

Sugaharaet al. [2] proposeda combinationof linearpredic-
tion andanalysisby synthesismethodsfor theparameterisations
of acousticsignals. This methodis basedon obtainingan ap-
proximateinitial parameterestimatefrom thelimited datasam-
plesavailable. Thereafterlongerdurationdataaresynthesised
from this initial estimateandthis synthesisedsignalis usedfor
estimatingthephase.Theresultsshow theperformanceof this
methodwhenno noiseis presentandits performancein noise
hasnotbeenquantified.

Some methodsbasedon expectationmaximisation(EM)
have beenproposedfor usein applicationssuchascommuni-
cations[3]. TheEM methodof waveformdetectionandphase
estimation,in fact,correspondsto carryingoutamaximumlike-
lihood phaseestimationusingan iterative method.Theresults
presentedfor theEM methodshow theperformanceundercon-
ditionswhenonly thephaseis unknown. In contrast,for thenew
methodconsideredhere,it is assumedthat thea priori knowl-
edgeaboutthesignalcharacteristicsis limited andthenumber
of unknown parameters,includingthephase,is large.

This paperdescribesa new methodfor phaseestimationof
signalsbasedon evolutionary algorithms(EA) that doesnot
needaccuratea priori knowledgeof thesignalparameters.This
enablesit to estimatethe phaseof any signal within a cer-
tain generaldescription(suchasnon-linearchirps). This new
methodprovidesaccurateestimatesof thephase.Unlike many
other methodswhoseperformancequickly degradesin noise,
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the new estimationmethoddegradespredictablywith increas-
ing noiselevels.

I I . THE CONCEPT

Whenthereis limited a priori knowledgeaboutthevariables
thatcharacterisethereceivedsignal,accuratephaseestimation
is possibleif thesignalparametersareestimatedalongwith the
phase.It is clearthataccurateestimationof thevariablesin the
receivedsignalwould resultin anaccuratephaseestimate.

Considerthe caseof phaseestimationof linear chirps. It is
assumedthat limited a priori knowledgeis thatthechirp could
lie anywherewithin frequenciesf1 and f2 andthechirpmaybe
sweptup or sweptdown in frequency, indeedit mayevenbea
puresinusoid.

In this case,any phaseestimatorwould first needto estimate
thechirpparametersi.e. thestartandstopfrequenciesandonly
thenwould accuratephaseestimationbepossible.With sucha
large numberof possiblechirps,a maximumlikelihoodphase
estimatorwould requirea large numberof templatesto match
againstandthiswouldbecomputationallyintensive.

This new methodis basedon analgorithmthatestimatesthe
chirp parametersandthe phaseof the received signalconcur-
rently. Themethodis capableof estimatingphasewith anac-
curacy of � π

20 radianswith limited a priori knowledgeof the
signalparametersat an SNR of 10dB. The simultaneousesti-
mationof thesignalparametersandit’sphaseestimationis car-
ried out by usingan EA. Thenon-linearsearchprocessof the
EA makes it suitablefor this optimisationproblemwherethe
searchspacecanbequitelargeandmulti-modalwith a number
of localminimum.

I I I . IMPLEMENTATION USING EVOLUTIONARY

ALGORITHMS

EvolutionaryAlgorithmsareoptimisationprocedureswhich
operateovera numberof cycles(generations)andaredesigned
to mimic the naturalselectionprocessthroughevolution and
survival of thefittest[4]. A populationof M possiblesolutions
is maintainedby thealgorithm. Eachpotentialsolutionis rep-
resentedby one chromosome. This is the geneticdescription
of thesolutionandmaybebrokeninto n sectionscalledgenes.
Eachgenerepresentsa singleparameterin the problem. The
chromosomecould be representedasvector ��P wherethe ele-
mentsof the vectorarethe genes.Eachtrial solutionforms a
singlepoint in theparameterspace.

The threesimpleoperationsfound in nature: naturalselec-
tion, mating and mutationare usedto generatenew chromo-
somesand thereforenew potentialsolutions. Eachchromo-
someis evaluatedat every generationusingan objectivefunc-
tion thatis ableto distinguishgoodsolutionsfrom badonesand
the chromosomesperformanceis assigneda score. With each
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new generation,someof theold chromosomesareremovedto
makeroomfor thenew improvedoffspring.Despitebeingvery
simpleto code,requiringno directionalor derivative informa-
tion from theobjective functionandbeingcapableof handling
a largenumberof parameterssimultaneously, evolutionaryal-
gorithmscanachieveexcellentresults.

While there are various optimisation techniquesavailable
within EvolutionaryAlgorithms,wehavefoundtheDifferential
Evolutionalgorithm(DE) [5] to beparticularlysuitablefor this
application. The convergencepropertiesof the DE algorithm
appearto bemoreconsistentthansomeotherEvolutionaryAl-
gorithmssuchasEvolutionaryStrategiesandEvolutionaryPro-
gramming[6] whenappliedto thisproblem.

A. DifferentialEvolution

DifferentialEvolution is anevolutionarytechniquethatuses
mutationsthat arerelatedto the currentspatialdistribution of
thepopulation.Thealgorithmgeneratesnew chromosomesby
addingtheweighteddifferencebetweentwo chromosomesto a
third chromosome.At eachgeneration,for eachmemberof the
parentpopulation,anew chromosomeisgenerated.Elementsof
thisnew chromosomearethencrossedwith theparentchromo-
sometogeneratethechild chromosome.Thechild chromosome
is evaluatedusingtheobjectivefunctionandif it hasabetterob-
jectivevaluethantheparent,thechild chromosomereplacesthe
parent.Thesizeanddirectionof thedifferencebetweenany pair
of chromosomesis determinedby theoverallspreadof thecur-
rentpopulation.ThustheDE algorithmselfadaptsto thefitness
landscape,reducingthe sizeof the mutationsautomaticallyas
the searchconverges. In this way, no separateprobabilitydis-
tribution hasto beusedfor mutationwhich makesthescheme
completelyself-organising.

Thetrial chromosome�Pt maybedescribedasin (1).

�Pt � F � �Pa � �Pb �	� �Pc (1)

Wherechromosomes�Pa, �Pb & �Pc arechosenfrom thepopula-
tion without replacementandF is a scalingfactor.

Thecrossoverprocessis controlledby acrossoverparameter
C. Thecrossoverregionbeginsatarandomlychosenparameter
in the chromosomeand then a segmentof length L genesis
copiedfrom �Pt to the parentchromosometo createthe child
chromosome.If thesegmentis longerthantheremaininglength
of thechromosome,thesegmentis wrappedto thebeginningof
the chromosome.The lengthL is chosenprobabilisticallyand
is givenby (2).

P � L 
 v� � � C � v� 1 � v 
 0 (2)

In general,thescalingparameterF andthecrossoverparam-
eterC lie in therange � 0 � 5 � 1� . Smallvaluesof F meanthat the
populationspreadreducesfasterandthis is more likely to re-
sult in thealgorithmconvergingquickly at a local minima. We
have found thatvaluesof 0.9 for bothF andC aresuitablefor
this application. Within the population,eachindividual chro-
mosomerepresentsapossiblesolutionto theestimationandthe
genevalueswithin the chromosomeare the chirp parameters
themselves.

B. ChromosomeStructure

Within the context of the problem of phaseestimationof
complex signalsconsideredhere,thereceivedsignal/waveform
is characterisedbyasetof parameters.Eachof theseparameters
correspondto a singlegenewithin a chromosome.Thereforea
singlechromosomecontainsasetof genescorrespondingto the
setof parametersthat describethe waveform of interest. For
a generalcaseof linear chirps the signalcanbe describedby
(3) & (4).

x � t � � Acos� fc � t ��� φ � (3)

fc � t � � mt � c (4)

The parametersthat arerequiredto completelyregeneratethe
waveformare;m, c andthephase(φ). Thusthechromosomein
thiscasecontainsthreegeneswhichcorrespondto theseparam-
eters.��������� ���������
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Fig. 1. Simplifiedblock diagramof achromosomestructure

Figure1 showsaschematicrepresentationof suchachromo-
some.For a moregeneralcaseof a waveformthat is described
by n parameters,thechromosomewill consistof n genes.

Thewaveformthatis characterisedby eachof thesechromo-
somesrepresentsa potentialsolutionto theoptimisationprob-
lem being consideredhere. An objective function is usedto
quantifythebestmatchfrom within thepopulationof chromo-
someson the basisof meansquareerror, whencomparingthe
total spectrumof thereceivedsignalwith thelocally generated
modelfrom thechromosome.

C. Objectivefunction

The fitnessof a particularchromosomein the populationis
basedon: (a) regeneratingtheestimatedchirpedpulsefrom the
genes,(b) obtainingthe spectrumof this signal(via the FFT),
(c) performinga leastsquaresamplitudefit onboththerealand
imaginarycomponentsof thespectrumof theregeneratedsignal
with thereceivedsignaland(d)comparingthisamplitudescaled
spectrumwith thetimeaveragedspectrumthatwasstoredfrom
thesamplestakenfrom thereceivedpulse.

By usingboththerealandimaginarycomponentsof thefre-
quency spectrum,it is notonly possibleto parameterisethepa-
rametersof thechirpedsignalbut alsoto estimateits phasesi-
multaneously.

Thechromosomegiving theleastmeansquareerroris chosen
asthebestmatch.Thedegreeof matchis quantifiedby usinga
meansquarecriteriongivenin (5).

E � ∑N
i 3 1 � xi � yi � 2

N
(5)

wherexi andyi arethe ith spectralcomponentsof theregener-
atedandreceivedspectrumrespectively, N is the total number
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of spectralcomponentsin the spectrum,E is the meansquare
errorin

4
thematchbetweenthetwo spectrabeingcompared.

Theproblemaddressedhereis highly multi-modal;thereare
many local minima especiallywhenthe noiselevels arehigh.
Althoughoptimisationusingthis EA is a non-linearleastmean
squareprocess,unlikemostleastmeansquaremethodsit is not
a gradientbasedoptimiser. Consequently, althoughgradient
basedmethodsmight converge to a local minima, the EA is
muchlesslikely to doso.

IV. ALGORITHM STRUCTURE FOR AN EVOLUTIONARY

ALGORITHM BASED PHASE ESTIMATOR
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Fig. 2. Schematicblock diagramof the algorithmfor phaseestimationand
signalparameterisation

Figure2 showstheschematicrepresentationof thealgorithm
for phaseestimationusingDifferentialEvolution.TheDE algo-
rithm beginsby generatinganinitial populationof 350random
chromosomeswith F � 0 � 9,C � 0 � 9,andthealgorithmis runto
convergence,which is generallylessthan150generations.For
eachgeneration,theDE algorithmevaluateseachchromosome
to find the bestfit using a leastmeansquareerror approach.
Thechromosomegiving theleastmeansquareerror is selected
as the bestfit and the othersarearrangedon the basisof as-
cendingmeansquareerrorandfrom thesea new populationis
generated.This new populationretainssomeof thebestchro-
mosomesfrom theold populationandchromosomesthatwould
resultin a poorsolutionarereplacedwith thenew ones.

As canbeseen,in additionto estimatingthephase,thealgo-
rithm alsoparameterisesthe receivedpulse. Thoughthe other
signalparameters,like amplitudeandit’s time-frequency vari-
ations,are not being exploited in this paper, they may be of
importancein applicationssuchasspectralanalysis.

V. RESULTS

Theresultsshow theperformanceof thenew methodfor dif-
ferenttypesof signalundervaryingSNRs.Eachtypeof signal
hasdifferenta priori knowledge.

Thefirst caserepresentsanon-linearchirp thatmaybefound
in acousticsignals.Many of thesignalparametersareunknown
andthereis limited a priori knowledge.

Thesecondcaseis a linearchirpappliedto a high frequency
electromagneticwave. Herethe original chirp parametersare
known, however theseparametershave changeddueto an un-
known Dopplershift.

A. CaseI: Signalparametersunknown

For this set of results,it is assumedthat the only a priori
knowledgeaboutthesignalis that it is potentiallya non-linear
chirp that lies within frequenciesfa � 200Hz and fb � 300Hz
andwith referenceto (3), it’s time-frequency variationcanbe
representedby thegeneralequation:

fc � t � � ct2 � bt � a (6)

For thepurposeof convenience,thecoefficientsc � b � a maybe
expressedasin (7).

c � f2 � f1 � s

b � s

a � f1 (7)

where f1 and f2 arethestartandstopfrequenciesthatlie some-
where within a wider frequency band fa and fb and, s is a
parameterof non-linearity. This meansthat the searchspace
involves four variables,threeof which characterisethe time-
frequency variationof the signalandthe fourth variableis the
phaseof thenon-linearchirp,φ.
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Fig. 3. Plotof thetime-frequency variationof thetestsignal

To quantifytheperformanceof thenew method,anon-linear
chirp testsignalwasgenerated.Thetime-frequency plot of the
testsignalis shown in Fig.3.

Figure4 showsasectionof thetestsignalata SNRof 10dB,
sampledat 1000samples/sandFig.5 shows it’s corresponding
spectrum.

Figure6 shows thehistogramof theerrorsin theestimateof
the initial phaseof this signal, in degrees,for 500 runsat an
SNRof 10dB.Themeanof theerror is -0.488degreesandthe
standarddeviation is 3.520degrees.

The testwasthenrepeatedat an SNR of -5dB, and the re-
sultsareshown in Fig.7. This signalwasalsosampledat 1000
samples/s.Figure8 shows it’s correspondingspectrum.

Figure9 shows thehistogramof theerrorsin thephaseesti-
mationfor 500 runsat a SNR of -5dB. The meanof the error
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Fig. 4. Plotof thetime-frequency variationof thetestsignalatSNR=10dB
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Fig. 5. Spectrumof thesignalat SNR=10dB
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Fig. 6. Histogramshowing theerrorsin phaseestimateatSNR=10dB
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Fig. 7. Plotof thetime-frequency variationof thetestsignalatSNR=-5dB
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Fig. 8. Spectrumof thesignalat SNR=-5dB
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Fig. 9. Histogramshowing theerrorsin phaseestimateat SNR=-5dB
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is -0.813degreesandthestandarddeviation is 17.866degrees.
Notethe

&
differencein thex axisscalesof Fig. 6 andFig. 9.

Theseresults show that even with very limited a priori
knowledgeaboutthesignalparameters,thenew methodis able
to estimatethe initial phaseof the signaldespitethe high lev-
elsof noise. It is alsoclearthat theaccuracy of theestimation
improveswith increasingSNR,aswouldbeexpected.

B. CaseII: Signalparametersknowna priori

For thiscaseweconsideranapplicationwherethereis a pri-
ori knowledgethatthereceivedsignalis alinearlychirpedpulse
of known bandwidth,however, thereis an unknown Doppler
shift of thesignaldueto platformmotion.For thiscase,it would
be essentialto estimatetheDopplershiftedfrequency so asto
obtainanaccuratephaseestimate.

TABLE I

L INEAR CHIRP PARAMETERS

Transmittedfrequency 35GHz

Pulseduration 10µs

Chirpbandwidth 15MHz

SNRof receivedpulse � 9dB to 21dB

Rangeof expectedDopplervelocities � 6 Mach

TableI shows thechirp parametersof the transmittedsignal
that areknown a priori . Although thereis uncertaintyin the
frequency of the received chirp due to the unknown Doppler
shift that it mayhave undergone,by knowing that it is a linear
chirp andthat its bandwidthis restricted,thesearchdomainis
reduced.
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Fig. 10. Spectrumof testsignal2 at SNR=21dB

Figure10 shows thespectrumof the testsignalat a SNRof
21dB,sampledat 30MHz. Figure11 shows a histogramof the
errorsin the phaseestimateat a SNR of 21dB for 1000 runs
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Fig. 11. Histogramshowing errorin phasemeasurementatSNR=21dB

with anunknownDopplershift. Themeanof theerroris -0.028
degreesandthestandarddeviation is 0.457degrees.

A maximumlikelihoodphaseestimatorwouldrequirealarge
numberof templatesto estimatethephaseof thesignalwith an
accuracy of � 1' for everypossibleDopplershift.
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Fig. 12. Spectrumof testsignal2 at SNR=-9dB

Figure 12 shows the spectrumof the test signal at a SNR
of -9dB, sampledat 30MHz. Figure13 shows a histogramof
the errorsin the phaseestimateat this SNR,alsofor for 1000
runswith anunknown Dopplershift. Themeanof theerroris -
0.05degreesandthestandarddeviationis 14.36degrees.Again,
pleasenotethedifferencein thex axisscalesof Fig. 11& 12.

Theperformanceof this new methodwasalsotestedat vari-
ousotherSNRs.Figure14 shows thestandarddeviation in the
errorsof thephaseestimatefor varyingSNRsover 1000runs.
Thetwo linesdepicttheperformanceof thenew methodunder
differentlengthsof data.Theplot showsthestandarddeviation
of errorsin degreesfor thecasewhenthedurationof thesignal
is 10µsand20µs.
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Fig. 13. Histogramshowing errorin phasemeasurementat SNR=-9dB
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Fig. 14. Plot of logarithm of the standarddeviation in the errorsof phase
estimatewith varyingSNR

It canbeseenclearlythatasthetimedurationof thereceived
signal increases,the accuracy of the estimatorimproves. In
addition,with decreasingnoiselevels, the errorsin the phase
estimatedecreasepredictablyandthereis no thresholdof per-
formancedegradationunlike somemethods.Evenat a SNRof
-9dB,thestandarddeviationof errorsis lessthanπ

(
12radians.

VI . CONCLUSIONS

It is clearthatdespitehaving a limited knowledgeof theac-
tual signalparameters,the new methodis ableto estimatethe
phaseof the receivedsignalwith high accuracy. As would be
expected,the more informationavailableaboutthe signal, or
if the time durationof thesignalincreases,theaccuracy of the
estimateof theinitial phaseimproves.

The performanceof the proposedmethod degradespre-
dictablywith noiseaswould beexpectedandeven in thecase
of signalto noiseratiosaslow as-9dBtheerrorsin theestimate
arelow. Beingsuchageneralisedphaseestimator, it canbeused
in applicationswherethesignalcharacteristicsmightbealtered
by thechannel.Onesuchapplicationcouldbe in theaccurate
phaseestimationfor a coherentcommunicationsystemwhere
thetime varyingchannelcoulddrasticallyalterthecharacteris-
ticsof thetransmittedsignal.
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